The object of this paper is to prove Theorem. For a ring R the following are equivalent:
RINGS WHOSE CYCLIC MODULES ARE INJECTIVE OR PROJECTIVE S. C. GOEL, S. K. JAIN AND SURJETT SINGH
ABSTRACT. The object of this paper is to prove Theorem. For a ring R the following are equivalent:
(i) Every cyclic right R-module is injective or projective.
(ii) R = S ffi T where S is semisimple artinian and T is a simple Proof. First we show that the right singular ideal Z(R) = 0.
If a e Z(R) then aE = 0 where E is some essential right ideal of R.
Received by the editors July 2, 1974 and, in revised form, September 17, 1974. If R is not a domain then R has a nonzero socle S. From Lemma 3 every minimal right ideal of the form eR, e= e € fi, is injective. Thus hypothesis (i) yields that every minimal right ideal aR of R is generated by an idempotent.
AMS (MOS) subject classifications (1970
But then it follows immediately that R is semiprime. Indeed R can be shown to be prime since R has no nontrivial central idempotents.
In case R/S is projective, then S -eR where e is a central idempotent, so that R = S is simple artinian. If R/S is injective then R/S is semisimple artinian, and hence R is regular. Thus R is a primitive regular ring with nonzero socle.
Let R denote the maximal right quotient ring of R. Since every minimal right ideal is injective, the socle of R = socle of R = S. US is finitely generated then S = R = R and hence R is simple artinian. So assume that S is not finitely generated. Then there exists right ideals K., K-in S such that S = Kj © K2 and S % Kj % K2. Since K% is infinitely generated, R/Kj is injective. Also R/Kj contains (Kj © K2)/Kl % K2 % S. Hence RR = fR is embeddable in R/K,. This implies R = xR for some x £ R, so there exists a e R such that xa = 1. This implies a + S is invertible in the semisimple
